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THOM’S JET TRANSVERSALITY THEOREM
FOR REGULAR MAPS
YUTA KUSAKABE
Abstract. We establish Thom’s jet transversality theorem for regular maps
from an affine algebraic manifold to an algebraic manifold satisfying a suitable
flexibility condition. It can be considered as the algebraic version of Forstnericˇ’s
jet transversality theorem for holomorphic maps from a Stein manifold to an Oka
manifold. Our jet transversality theorem implies genericity theorems for regular
maps of maximal ranks. As an application, it follows that every connected
compact locally flexible manifold is the image of a holomorphic submersion from
an affine space. We also show that every algebraically degenerate subvariety of
codimension at least two in a locally flexible manifold has an Oka complement.
1. Introduction
Thom’s jet transversality theorem [21] is one of the most fundamental tools in
differential geometry. In 2006, Forstnericˇ [7] proved the complex analytic version of
his theorem for holomorphic maps from a Stein manifold to an Oka manifold (see
also [13]). Here, a complex manifold Y is an Oka manifold if for any holomorphic
map f : X → Y from a Stein manifold there exists a holomorphic map s : X ×
CN → Y such that s(x, 0) = f(x) and s(x, ·) : CN → Y is a submersion at 0 for
each x ∈ X (cf. [8, 16, 17]).
In the present paper, we establish the complex algebraic version of Thom’s jet
transversality theorem. To this end, let us recall the following definition.
Definition 1.1 (cf. [19]). An algebraic manifold Y is an algebraically Oka manifold
if for any regular map f : X → Y from an affine manifold there exists a regular
map s : X×CN → Y such that s(x, 0) = f(x) and s(x, ·) : CN → Y is a submersion
at 0 for each x ∈ X .
The most typical examples of algebraically Oka manifolds are locally flexible
manifolds (cf. [1, 12]). A quasi-affine manifold Y is flexible if for any y ∈ Y the
tangent space TyY is spanned by the tangent vectors to the orbits of one-parameter
unipotent subgroups of Aut Y through y. An algebraic manifold is locally flexible if
it is covered by flexible Zariski open subsets. Complex Grassmannians and smooth
nondegenerate toric varieties (i.e. smooth toric varieties with no torus factor) are
known to be locally flexible [19, Theorem 3] (see [2, §3] for more examples of flexible
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manifolds). Currently, it is not known whether there exists an algebraically Oka
manifold which is not locally flexible.
For regular maps from an affine manifold to an algebraically Oka manifold,
Forstnericˇ proved the local jet transversality theorem [7, Theorem 4.3]. Under an
ostensibly stronger assumption on the target (that is weaker than local flexibility),
we prove the following global jet transversality theorem which generalizes [7, Propo-
sition 4.10] (compare with [7, Theorem 4.9] and [13, Corollary 1.3]). Here, Jk(X, Y )
denotes the space of k-jets of holomorphic maps X → Y , jkf : X → Jk(X, Y ) de-
notes the k-jet extension of a regular map f : X → Y and Sing(s) denotes the
singular locus of a regular map s (i.e. the set of points where s is not a submersion).
Theorem 1.2. Let Y be an algebraic manifold. Assume that for any y ∈ Y there
exist a Zariski open neighborhood U ⊂ Y of y and a regular map s : U ×CN → Y
such that dimSing(s) < N , s(y, 0) = y and s(y, ·) : CN → Y is a submersion at 0
for each y ∈ U . Then regular maps from affine manifolds to Y satisfy the following
jet transversality theorem:
Let X be an affine manifold, X0 ⊂ X be a closed algebraic subvariety, kl (l ∈ N)
be nonnegative integers, Al ⊂ X and Bl ⊂ J
kl(X, Y ) (l ∈ N) be (not necessarily
closed or algebraic) complex submanifolds, and f0 : X → Y be a regular map such
that jklf0|Al is transverse to Bl at all points of X0 ∩ Al for each l ∈ N. Then for
any integer k ≥ supl∈N kl the regular map f0 can be approximated uniformly on
compacts by regular maps f : X → Y such that
(1) jkf |X0 = j
kf0|X0, and
(2) jklf |Al is transverse to Bl for each l ∈ N.
Since Al and Bl (l ∈ N) are not assumed to be closed, we can also take stratified
complex subvarieties Al and Bl (l ∈ N) in Theorem 1.2 (see [7, §4] for the definition
of transversality in this setting). The assumption in Theorem 1.2 implies that
Y is algebraically Oka (by Lemma 2.2 and [19, Theorem 1]). Conversely, if the
conclusion of Theorem 1.2 holds for an algebraically Oka manifold Y , it satisfies the
assumption in Theorem 1.2 (Remark 3.1). Thus the assumption in Theorem 1.2 is
natural. Since every locally flexible manifold satisfies this assumption (Proposition
3.3), the following corollary holds.
Corollary 1.3. Regular maps from any affine manifold to any locally flexible man-
ifold satisfy the jet transversality theorem.
The proof of Theorem 1.2 is given in Section 3. As immediate consequences of
Theorem 1.2, we can obtain the following genericity results by the same proof as
in [8, Corollary 8.9.3] (see the proof of [9, Theorem 1.6] for (3)). Here, Hom(X, Y )
denotes the space of regular maps X → Y equipped with the compact-open topol-
ogy.
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Corollary 1.4. Assume that X is an n-dimensional affine manifold and Y is an
m-dimensional algebraic manifold satisfying the assumption in Theorem 1.2. Then
the following hold:
(1) If 2n ≤ m, then the set of immersions X → Y is dense in Hom(X, Y ).
(2) If 2n + 1 ≤ m, then the set of injective immersions X → Y is dense in
Hom(X, Y ).
(3) If n ≥ m, then for any compact subset K ⊂ Y the set of regular maps f : X →
Y satisfying K ⊂ f(X) and dimSing(f) < m is dense in Hom(X, Y ).
By using Theorem 1.2, we can also obtain the following approximation theorem
for holomorphic maps with a lower bound on the rank which generalizes [8, The-
orem 9.12.4] (see the first part of the proof of [8, Theorem 9.12.4]; see also [15]).
Note that it contains approximation theorems for immersions (n = r < m) and
submersions (n > m = r) as special cases (see [8, Problem 9.14.3]).
Corollary 1.5. Assume that n,m, r are integers such that (n − r + 1)(m − r +
1) ≥ 2 and Y is an m-dimensional algebraic manifold satisfying the assumption in
Theorem 1.2. Then any holomorphic map f : U → Y from an open neighborhood of
a compact convex set K ⊂ Cn satisfying infz∈K rank dfz ≥ r can be approximated
uniformly on K by holomorphic maps f˜ : Cn → Y such that infz∈Cn rankdf˜z ≥ r.
Forstnericˇ proved that every n-dimensional connected compact algebraically Oka
manifold is the image of a strongly dominating regular map from Cn [9, Theorem
1.6]. Recall that every n-dimensional connected complex manifold is the image of
a locally biholomorphic map from the unit polydisc in Cn by the result of Fornæss
and Stout [5] (see also [6]). This result and Corollary 1.5 imply the following by
Rouche´’s theorem (cf. [3, p. 110]).
Corollary 1.6. Assume that Y is an n-dimensional connected algebraic manifold
satisfying the assumption in Theorem 1.2. Then for any compact subset K ⊂ Y
there exists a holomorphic submersion f : Cn+1 → Y such that K ⊂ f(Cn+1). In
particular, every n-dimensional connected compact locally flexible manifold is the
image of a holomorphic submersion from Cn+1.
In Section 4, we give another application of Theorem 1.2. In Oka theory, it is
important to understand when a closed complex subvariety in an Oka manifold
has an Oka complement. By the Kobayashi conjecture [14], it is natural to assume
that the codimension of a subvariety is at least two. It is known that there exists
a discrete set D ⊂ C2 such that C2 \ D is not Oka [20, Theorem 4.5], and that
every algebraically degenerate1 closed complex subvariety A ⊂ Cn of codimension
at least two has an Oka complement [10, Theorem 1.6]. We obtain the following
generalization of the latter.
1A closed complex subvariety in an algebraic manifold Y is algebraically degenerate if it is
contained in a proper closed algebraic subvariety of Y .
THOM’S JET TRANSVERSALITY THEOREM FOR REGULAR MAPS 4
Corollary 1.7. Let Y be an algebraic manifold satisfying the assumption in The-
orem 1.2 and A ⊂ Y be a closed complex subvariety of codimension at least two.
Assume that there exists a holomorphic automorphism ϕ of Y such that ϕ(A) is
algebraically degenerate. Then the complement Y \ A is Oka.
Since a connected affine algebraic group without nontrivial characters is flexible
[1, Proposition 5.4], Corollary 1.7 generalizes the result of Winkelmann [22, Theo-
rem 2.9] for the complement of a tame discrete set in such an algebraic group (see
[22, Theorem 2.1]).
It is known that local flexibility is preserved by removing closed algebraic sub-
varieties of codimension at least two [4, Theorem 1.1]. Thus it is reasonable to
expect that the algebraic Oka property is also preserved by the same operation
(cf. [8, Problem 6.4.3]). At present, however, we can only conclude that a closed
algebraic subvariety of codimension at least two in an algebraic manifold satisfy-
ing the assumption in Theorem 1.2 has a complement enjoying aCAP (a Runge
type approximation property which is implied by the algebraic Oka property; see
Definition 4.1 and Remark 4.3).
2. Singularities of algebraic sprays
In this section, we recall the notion of algebraic sprays and investigate their
singularities to prove Theorem 1.2. For a regular map p : E → X , let Ex denote
the fiber p−1(x) over a point x ∈ X .
Definition 2.1. Let X and Y be algebraic manifolds.
(1) A (global) algebraic spray over a regular map f : X → Y is a triple (E, p, s)
where p : E → X is an algebraic vector bundle and s : E → Y is a regular map
such that s(0x) = f(x) for all x ∈ X . If the algebraic vector bundle p : E → X
is trivial, we simply write s : E → Y instead of (E, p, s).
(2) A family of algebraic sprays {(Ej, pj, sj)}
k
j=1 over f : X → Y is dominating if∑k
j=1(dsj)0x(Ej,x) = Tf(x)Y holds for each x ∈ X .
Note that the regular map s : X×CN → Y in Definition 1.1 (resp. s : U×CN →
Y in Theorem 1.2) is nothing but a dominating algebraic spray over f : X → Y
(resp. the inclusion U →֒ Y ).
Let us first recall the following lemma which was used in the proof of Gro-
mov’s localization principle for algebraically Oka manifolds [11, 3.5.B] (see also [8,
Proposition 6.4.2] and [12, Proposition 1.4]).
Lemma 2.2. Assume that Y is an algebraic manifold, D ⊂ Y is an algebraic
hypersurface and (E, p, s) is an algebraic spray over the inclusion Y \ D →֒ Y .
Then there exist an algebraic spray (E˜, p˜, s˜) over the identity map idY and an
isomorphism ϕ : E → E˜|Y \D of algebraic vector bundles such that s˜ ◦ ϕ = s and
Sing(s˜) ∩ E˜|D = ∅.
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Proof. See the proof of [12, Proposition 1.4] for the construction of an algebraic
spray (E˜, p˜, s˜) over the identity map idY and an isomorphism ϕ : E → E˜|Y \D of
algebraic vector bundles such that s˜ ◦ ϕ = s. By construction, we may assume
that for any e ∈ E˜|D there exists a local holomorphic section f : U → E˜ from an
open neighborhood U ⊂ Y of p˜(e) such that f(p˜(e)) = e and d(s˜◦f)p˜(e) = idTp˜(e)Y .
This implies Sing(s˜) ∩ E˜|D = ∅. 
By using the assumption in Theorem 1.2 and the above lemma, we can construct
a dominating family of algebraic sprays over the identity map with small singular
loci.
Corollary 2.3. Assume that Y is an algebraic manifold satisfying the assumption
in Theorem 1.2. Then for any y ∈ Y there exists an algebraic spray (E, p, s) over
the identity map idY such that dimSing(s) < rankE and 0y 6∈ Sing(p, s).
Proof. Take a point y ∈ Y arbitrarily. By assumption, there exist a Zariski open
neighborhood U ⊂ Y of y and a dominating algebraic spray s0 : U × C
N → Y
over the inclusion U →֒ Y satisfying dimSing(s0) < N . After shrinking U ∋ y
if necessary, we may assume that D = Y \ U is an algebraic hypersurface. Then
Lemma 2.2 implies that the algebraic spray s0 : U × C
N → Y extends to an
algebraic spray (E, p, s) over the identity map idY such that Sing(s) ∩ E|D = ∅.
This extension clearly satisfies dimSing(s) < N = rankE and 0y 6∈ Sing(p, s). 
In order to prove Theorem 1.2, we need to recall Gromov’s method of composed
sprays [11, §1.3] (see also [8, §6.3]).
Definition 2.4 (cf. [8, Definition 6.3.5]). Let X, Y and Z be algebraic manifolds.
(1) For a family of algebraic sprays {(Ej , pj, sj)}
k
j=1 over the identity map idY , the
composed spray (E1 ∗ · · · ∗ Ek, p1 ∗ · · · ∗ pk, s1 ∗ · · · ∗ sk) is defined by
E1 ∗ · · · ∗ Ek =
{
(e1, . . . , ek) ∈
k∏
j=1
Ej : sj(ej) = pj+1(ej+1), j = 1, . . . , k − 1
}
,
(p1 ∗ · · · ∗ pk)(e1, . . . , ek) = p1(e1), (s1 ∗ · · · ∗ sk)(e1, . . . , ek) = sk(ek).
(2) For an algebraic spray (E, p, s) over the identity map idY and a natural number
k ∈ N, the k-th iterated spray (E(k), p(k), s(k)) is the composed spray (E ∗ · · · ∗
E, p ∗ · · · ∗ p, s ∗ · · · ∗ s) of k copies of (E, p, s).
(3) For a regular map f : X → Y and an algebraic spray (E, p, s) over a regular
map g : Y → Z, the pullback spray (f ∗E, f ∗p, f ∗s) over g ◦f : X → Z consists
of the pullback bundle f ∗p : f ∗E → X and the composition f ∗s : f ∗E → Z of
the induced map f ∗E → E and s : E → Z.
Remark 2.5. Note that the projection p1 ∗ · · · ∗ pk : E1 ∗ · · · ∗ Ek → Y of a
composed spray (E1 ∗ · · · ∗Ek, p1 ∗ · · · ∗pk, s1 ∗ · · · ∗ sk) does not have any canonical
algebraic vector bundle structure. However, it has the zero section {(0y, · · · , 0y) ∈
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E1 ∗ · · · ∗Ek : y ∈ Y }. The rank of E1 ∗ · · · ∗ Ek is defined to be the dimension of
the fibers of p1 ∗ · · · ∗ pk and denoted by rank(E1 ∗ · · · ∗ Ek).
Let us prove two lemmas on the singular locus of a composed spray.
Lemma 2.6. Assume that Y is an algebraic manifold and {(Ej , pj, sj)}
k
j=1 is a
family of algebraic sprays over the identity map idY such that dimSing(sj) <
rankEj for each j. Set Σ = (E1 ∗ · · · ∗ Ek) \
∏k
j=1(Ej \ Sing(sj)). Then the
following holds:
dimSing(s1 ∗ · · · ∗ sk) ≤ dimΣ < rank(E1 ∗ · · · ∗ Ek).
Proof. By definition, the singular locus of the composed spray satisfies Sing(s1 ∗
· · · ∗ sk) ⊂ Σ and thus dimSing(s1 ∗ · · · ∗ sk) ≤ dimΣ.
Set Σl = (El ∗ · · · ∗Ek) \
∏k
j=l(Ej \ Sing(sj)) for l = 1, . . . , k. Note that Σ1 = Σ
and Σk = Sing(sk). For each l = 1, . . . , k − 1, the following holds:
Σl = (El ∗ · · · ∗ Ek) ∩ ((Sing(sl)× (El+1 ∗ · · · ∗ Ek)) ∪ ((El \ Sing(sl))× Σl+1)).
By definition and assumption,
dim((El ∗ · · · ∗ Ek) ∩ (Sing(sl)× (El+1 ∗ · · · ∗ Ek))) = dimSing(sl) +
k∑
j=l+1
rankEj
<
k∑
j=l
rankEj
= rank(El ∗ · · · ∗ Ek).
Since the restriction sl : El \ Sing(sl)→ Y is a submersion,
dim((El ∗ · · · ∗ Ek) ∩ ((El \ Sing(sl))× Σl+1))
≤ dim(El \ Sing(sl))− dimY + dimΣl+1
=rankEl + dimΣl+1.
Thus the desired inequality follows by downward induction on l. 
Lemma 2.7. Assume that Y is an algebraic manifold and {(Ej , pj, sj)}
k
j=1 is a
family of algebraic sprays over the identity map idY . Set Σ = (E1 ∗ · · · ∗ Ek) \∏k
j=1(Ej \ Sing(sj)). Then the following holds:
Sing(p1 ∗ · · · ∗ pk, s1 ∗ · · · ∗ sk) \ Σ ⊂
k∏
j=1
Sing(pj , sj).
Proof. Take a point (e1, . . . , ek) ∈ Sing(p1 ∗ · · · ∗ pk, s1 ∗ · · · ∗ sk) \ Σ arbitrarily.
To reach a contradiction, assume that (e1, . . . , ek) 6∈
∏k
j=1 Sing(pj, sj). Then el 6∈
Sing(pl, sl) for some l. This means that sl|El,pl(el) : El,pl(el) → Y is a submersion
at el. Therefore there exists a holomorphic map fl : Ul → El,pl(el) from an open
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neighborhood Ul ⊂ Y of sl(el) such that sl ◦ fl = idUl and fl(sl(el)) = el. Since
ej 6∈ Sing(sj) (j = l + 1, . . . , k), there exist holomorphic maps fj : Uj → Ej
(j = l+1, . . . , k) from open neighborhoods of Uj ⊂ Y of sj(ej) such that sj ◦ fj =
idUj and fj(sj(ej)) = ej . Note that sj(ej) = pj+1(ej+1) holds for each j. Thus
after shrinking Uk ∋ sk(pk) if necessary, we can consider the holomorphic map
f : Uk → (E1 ∗ · · · ∗ Ek)(p1∗···∗pk)(e1,...,ek) defined by
f(y) = (e1, . . . , el−1, fl ◦ (pl+1 ◦ fl+1) ◦ · · · ◦ (pk ◦ fk)(y), . . . , fk(y)).
By definition, it satisfies (s1 ∗ · · · ∗ sk) ◦ f = idUk and f((s1 ∗ · · · ∗ sk)(e1, . . . , ek)) =
(e1, . . . , ek). This implies (e1, . . . , ek) 6∈ Sing(p1∗· · ·∗pk, s1∗· · ·∗sk), a contradiction
to our assumption. 
With the above lemmas and Corollary 2.3, we can construct a dominating com-
posed spray with small relative singular locus under the assumption in Theorem
1.2.
Corollary 2.8. Assume that Y is an algebraic manifold satisfying the assumption
in Theorem 1.2. Then there exists a dominating composed spray (E, p, s) over the
identity idY which satisfies dimSing(p, s) < rankE.
Proof. By Corollary 2.3, there exists a dominating family of algebraic sprays
{(Ej , pj, sj)}
k
j=1 over the identity map idY such that dim Sing(sj) < rankEj for
each j. Then the composed spray (E˜, p˜, s˜) of the family {(Ej , pj, sj)}
k
j=1 is domi-
nating and satisfies dim Sing(s˜) < rank E˜ by Lemma 2.6. Note that the dimensions
of the fibers of Sing(p˜, s˜) satisfy supy∈Y dimSing(p˜, s˜)y ≤ rank E˜−1 since the spray
(E˜, p˜, s˜) is dominating. Let us consider the n-th iterated spray (E˜(n), p˜(n), s˜(n)) of
(E˜, p˜, s˜) for a natural number n > dimY . Set Sing(p˜, s˜)(n) = E˜(n) ∩ (Sing(p˜, s˜))n
and Σ = E˜(n) \ (E˜ \ Sing(s˜))n. Then the dimensions of the fibers of Sing(p˜, s˜)(n)
satisfies
sup
y∈Y
dim(Sing(p˜, s˜)(n))y ≤ n sup
y∈Y
dimSing(p˜, s˜)y
≤ n rank E˜ − n
< rank E˜(n) − dimY,
and hence dimSing(p˜, s˜)(n) < rank E˜(n). By Lemma 2.6, the closed subvariety
Σ also satisfies dimΣ < rank E˜(n). Since Sing(p˜(n), s˜(n)) ⊂ Sing(p˜, s˜)(n) ∪ Σ by
Lemma 2.7, it follows that dimSing(p˜(n), s˜(n)) < rank E˜(n). Thus (E, p, s) =
(E˜(n), p˜(n), s˜(n)) is a desired dominating composed spray. 
3. Proof of Theorem 1.2
Our proof of Theorem 1.2 is based on the ideas in [7, §4]. Let prXλ0 :
∏
λ∈ΛXλ →
Xλ0 denote the projection map to Xλ0 (λ0 ∈ Λ).
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Proof of Theorem 1.2. By Corollary 2.8, there exists a dominating composed spray
(E, p, s) over the identity idY satisfying dimSing(p, s) < rankE. Let us consider
the pullback spray (f ∗0E, f
∗
0 p, f
∗
0s). By the argument in the proof of [7, Lemma 3.6],
there exists an algebraic submersion (i.e. a smooth morphism) ϕ : X×CN → f ∗0E
over X which preserves the zero section. Take regular functions g1, . . . , gL : X → C
which vanish to order k + 1 on the subvariety X0 = {x ∈ X : gj(x) = 0, j =
1, . . . , L}. Consider the regular map sX0 : X× (C
N)L → X×CN , (x, t1, . . . , tL) 7→
(x, g1(x)t1+ · · ·+ gL(x)tL) over X . Note that sX0(x, ·) : (C
N)L → {x}×CN ∼= CN
is a submersion if x ∈ X \ X0, and it vanishes if x ∈ X0. Since X is affine, we
may assume that X is a closed algebraic submanifold of Cn for some n ∈ N. Let
W denote the complex vector space of polynomial maps Cn → CN+L of degree at
most k, and sW : X×W → X×C
N+L be the algebraic submersion over X defined
by sW (x, P ) = (x, P (x)). We define the algebraic spray sf0 : X ×C
N+L → Y over
f0 by sf0 = f
∗
0 s ◦ ϕ ◦ sX0 ◦ sW (we are identifying the zero sections with X in the
following diagram):
X X
X ×W f ∗0E E Y
X X Y
f0
ϕ◦sX0◦sW p
∗f0
sf0
s
f0 p
Note that Sing(prX , sf0)\(X0×W ) = (p
∗f0 ◦ϕ◦sX0 ◦sW )
−1(Sing(p, s))\(X0×W )
holds by construction. From this and dimSing(p, s) < rankE, it follows that there
exists a dense Zariski open subset U ⊂ W such that Sing(prX , sf0) ∩ (X × U) ⊂
X0 × U .
For each l ∈ N, let us consider the map Φkl : X × W → J
kl(X, Y ) defined
by Φkl(x, P ) = j
kl(sf0 ◦ (idX , P ))(x). Then by the proof of [7, Lemma 4.5],
the singular locus of (prX ,Φkl) satisfies Sing(prX ,Φkl) ⊂ Sing(prX , sf0), and thus
Sing(prX ,Φkl) ∩ (X × U) ⊂ X0 × U . Let us consider the complex submanifolds
Al ⊂ X and Bl ⊂ J
kl(X, Y ). For P ∈ U , we can easily see that the regu-
lar map Φkl(·, P )|Al\X0 : Al \ X0 → J
kl(X, Y ) is transverse to Bl if and only if
P 6∈ prU(Sing(prU |B′l)) where B
′
l = (Φkl|(Al\X0)×U)
−1(Bl). By Sard’s theorem,
there exists a polynomial map P ∈ U \
⋃
l∈N prU(Sing(prU |B′l)) which is sufficiently
close to 0. Then by construction, the regular map f = sf0(·, P ) : X → Y satisfies
jkf |X0 = j
kf0|X0 , and thus j
klf |Al is transverse to Bl for each l ∈ N. Furthermore,
it also approximates f0 since P is close to 0. 
In the rest of this section, we give a few remarks on the assumption in Theorem
1.2.
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Remark 3.1. As we mentioned in the introduction, if the jet transversality theo-
rem holds for regular maps from affine manifolds to an algebraically Oka manifold
Y , then Y satisfies the assumption in Theorem 1.2. Indeed, for any y ∈ Y and any
affine Zariski open neighborhood U ⊂ Y of y there exists a dominating algebraic
spray s0 : U×C
N → Y over the inclusion U →֒ Y since Y is algebraically Oka. By
the jet transversality theorem and the proof of (3) in Corollary 1.4 (see [8, §8.9]),
there exists a regular map s : U × CN → Y such that dimSing(s) < dimY ≤ N
and j1s|U×{0} = j
1s0|U×{0}, and thus it is a dominating algebraic spray over the
inclusion U →֒ Y with the desired property.
The above remark leads us to the following question.
Question 3.2. Does every algebraically Oka manifold satisfy the assumption in
Theorem 1.2?
Recall that a flexible manifold Y admits a dominating algebraic spray s : Y ×
CN → Y over the identity map idY such that s(·, w) ∈ AutY for all w ∈ C
N (see
the proof of [8, Proposition 5.6.22]). Thus the following proposition holds.
Proposition 3.3. Every locally flexible manifold satisfies the assumption in The-
orem 1.2.
4. Proof of Corollary 1.7
Let us first recall the Convex Approximation Property (CAP) and its algebraic
version aCAP.
Definition 4.1. A complex manifold (resp. an algebraic manifold) Y enjoys CAP
(resp. aCAP) if any holomorphic map from an open neighborhood of a compact
convex set K ⊂ Cn (n ∈ N) to Y can be uniformly approximated on K by
holomorphic maps (resp. regular maps) Cn → Y .
In order to prove Corollary 1.7, we also need to recall the following fact.
Theorem 4.2 (cf. [16, Theorem 1.3], [7, Corollary 1.2 and Proposition 4.6]).
(1) A complex manifold enjoys CAP if and only if it is Oka.
(2) An algebraic manifold enjoys aCAP if it is algebraically Oka.
Proof of Corollary 1.7. We may assume that A ⊂ Y is algebraically degenerate
from the beginning. Let us verify that Y \A enjoys CAP. Take a compact convex
set K ⊂ Cn and a holomorphic map f : U → Y \A from an open neighborhood of
K. Since Y is algebraically Oka, it enjoys aCAP by Theorem 4.2. Thus there exists
a regular map f˜ : Cn → Y which approximates f uniformly on K and satisfies
f˜(K) ⊂ Y \ A. By the jet transversality theorem (Theorem 1.2), we may assume
that f˜ is transverse to A. Then the inverse image f˜−1(A) ⊂ Cn is an algebraically
degenerate closed complex subvariety of codimension at least two. Therefore the
complement Cn\f˜−1(A) is Oka by the result of Forstnericˇ and Prezelj [10, Theorem
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1.6], and hence it enjoys CAP by Theorem 4.2. Thus there exists a holomorphic
map g : Cn → Cn \ f˜−1(A) which approximates the inclusion K →֒ Cn \ f˜−1(A)
uniformly. Then the composition f˜ ◦ g : Cn → Y \A approximates f uniformly on
K. Therefore Y \ A is Oka by Theorem 4.2. 
Remark 4.3. Let Y be an algebraic manifold satisfying the assumption in The-
orem 1.2. The above argument also implies that the complement of a closed
algebraic subvariety of codimension at least two in Y enjoys aCAP since the com-
plement Cn \ f˜−1(A) is algebraically Oka in this case (cf. [8, Proposition 5.6.17]).
It is not known whether aCAP implies the algebraic Oka property (the converse
of (2) in Theorem 4.2).
In the previous paper, we proved that the blowup of an algebraically Oka man-
ifold along an algebraic submanifold is Oka [18, Corollary 1.5]. For an algebraic
manifold Y satisfying the assumption in Theorem 1.2, we can reduce the proof of
the Oka property of the blowup of Y along an algebraically degenerate complex
submanifold to the Euclidean case as in the proof of Corollary 1.7 (see the proof
of [18, Corollary 4.3]). Thus it is natural to ask the following question. It will be
studied in future work.
Question 4.4. Is the blowup of Cn along an algebraically degenerate closed com-
plex submanifold is Oka?
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